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Abstract
In an earlier paper we introduced a covering group theory for a category of “coverable” topological
groups, including a generalized notion of universal cover. In this paper we characterize coverable
locally compact groups. As an application we show that the classical covering group theories of
Poincaré and Chevalley, as well as a variants due to Tits and Hofmann–Morris, are all equivalent for
locally compact groups, and are strictly special cases of our theory (which does not require any form
of local simple connectivity). As a second application we show the existence of an inverse sequence
of locally compact groups, whose bonding homomorphisms are open surjections with discrete kernel,
such that the natural projections from the inverse limit are not surjective.  2001 Elsevier Science
B.V. All rights reserved.
AMS classification: 22D15; 55Q05; 08B25
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1. Introduction and main results
Throughout the paper we will use the following conventions and notation. By
“epimorphism” we simply mean a surjective (continuous) homomorphism between
(always Hausdorff!) topological groups. Ge will denote the connected component of G
containing the identity. As in [2] we utilize a generalized notion of cover, namely an open
epimorphism between topological groups whose kernel is central and prodiscrete (i.e.,
the inverse limit of discrete groups). For any topological group G there is a topological
group G˜ and a natural homomorphism φ : G˜→G. The inverse limit construction giving
rise to G˜ was considered in [15,21,2], where we introduced a category of groups called
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coverable groups for which a fairly complete covering group/fundamental group theory
was developed. In particular, if G is coverable then G˜ is coverable and φ is a universal
cover in the category of coverable groups and covers. In this paper we determine the
structure of G˜ for any locally compact group, characterize coverable locally compact
groups, and apply our characterization to an old problem about inverse limits.
Theorem 1. Let G be a locally compact group. Then there is an isomorphism i˜ : G˜e → G˜
such that if ζ : G˜e →Ge and φ : G˜→G denote the natural homomorphisms, then φ ◦ i˜ =
i ◦ ζ , where i :Ge →G is the inclusion.
Notation 2. Throughout this paper, L will denote a (connected) simply connected Lie
group, either trivial or non-compact. Sα will denote a connected, simply connected,
compact simple Lie group (possibly trivial). Σ will denote the universal solenoid, namely
the inverse limit of the system (Tm,φmn), where the indexing set is the set of natural
numbers N directed with respect to the partial order of division m|n. Here Tm = R/Z
for all m ∈N and when m|n the homomorphism φmn is given by
φmn(r +Z)= nr
m
+Z.
For any group G, Gλ denotes the direct product of λ copies of G; for λ = 0, Gλ is the
trivial group.
Theorem 3. Let G be a locally compact group. Then G˜ is of the form L×∏α∈Λ Sα ×Rλ,
φ has central, prodiscrete kernel, and the image of φ is the arcwise connected component
of Ge (which is dense in Ge). If G is Abelian then G˜≡ Rλ and φ : G˜→G coincides (up
to isomorphism) with the exponential function. If G is finite-dimensional then Λ and λ are
finite.
See, for example, [5] or [13] for a discussion of the exponential function of a locally
compact group. From Proposition 84 of [2] and Theorem 3 we immediately obtain the
following corollary, where π1(G) denotes the traditional fundamental group of G, namely
the group of homotopy equivalence classes of loops based at e.
Corollary 4. If G is locally compact then π1(G) is abstractly isomorphic to the
prodiscrete topological group kerφ.
Definition 5. If G and H are topological groups, we say that H is a weakening of G if
there is a (continuous) bijective homomorphism ψ :G→H .
The above definition means that H and G can be considered as the same abstract group,
but H has a weaker topology than (or the same as) G. Weakenings of Lie groups have
been studied, e.g., in [20]. In the finite-dimensional case, the next theorem is given a more
precise formulation in [19] (see Theorem 19 below).
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Theorem 6. Every connected locally compact group G is the completion of a (possibly
not locally compact) weakened coverable group. If G is finite-dimensional then G is the
completion of a weakened Lie group.
Theorem 7. Let G be a locally compact topological group. Then the following are
equivalent:
(1) G is coverable,
(2) φ : G˜→G is a cover,
(3) φ : G˜→G is open and G is connected,
(4) φ : G˜→G is surjective,
(5) G is connected and locally arcwise connected,
(6) G is arcwise connected, and
(7) G is generated by its 1-parameter subgroups.
If G is compact or Abelian then G is coverable if and only if G is exponential in the
sense that every element lies on a 1-parameter subgroup. If G is metrizable then G is
coverable if and only if G is connected and locally connected.
Our new notion of “coverable” notwithstanding, the equivalence of many of the above
conditions can be gleaned from existing literature. However, we provide relatively simple
new proofs of these facts here, using our covering group theory.
The traditional (Poincaré) covering group theory requires a connected, locally arcwise
connected, semilocally simply connected group. Chevalley [7] introduced a covering
group theory for connected, locally connected groups with a different notion of “locally
simply connected” that does not require arcwise connectedness. An alternative approach
to Chevalley’s theory was given in Tits [21] (cf. also the formulation in [15], which as
we point out in [2] is not quite correct). More recently Hofmann–Morris [13, Appen-
dix 2] gave a generalization of Chevalley’s theory with another definition of “locally simply
connected”. The next theorem shows that for locally compact groups these three theories
are all equivalent, and are special cases of our theory. Our theory does not require any form
of local simple connectivity, and so can be applied, for example, to the compact coverable
group T λ (λ infinite), which is not (semi-)locally simply connected as defined by any of
these three prior theories.
Theorem 8. Let G be a connected locally compact group. Then the following are
equivalent:
(1) G is locally arcwise connected and semilocally simply connected in the traditional
sense.
(2) G is locally connected and locally simply connected in the sense of Chevalley [7].
(3) G is locally connected and locally simply connected in the sense of Hofmann–
Morris [13].
(4) G is of the form (L ×∏Sα × Rn)/Γ , where Γ is a discrete central subgroup of
L×∏Sα ×Rn.
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Furthermore, if these equivalent conditions hold then G is coverable, G˜ is naturally
isomorphic to L×∏Sα ×Rn and φ :L×∏Sα ×Rn →G is the quotient mapping with
Γ = kerφ abstractly isomorphic to π1(G).
Theorem 9. There exists an inverse system (Gα,παβ) of locally compact, connected
Abelian groups, whose bonding homomorphisms παβ are open epimorphisms with discrete
kernel, such that none of the natural homomorphisms πα :G→ Gα is surjective, where
G := lim← (Gα,παβ).
Zelinsky [25, p. 432] was apparently the first to ask about examples of this sort (in this
case for inverse systems of rings). Examples of inverse limits of groups with open surjective
bonding homomorphisms having non-surjective projections were then constructed in [12].
However, these examples are infinite-dimensional vector spaces (therefore far from being
locally compact) and the bonding homomorphisms have infinite-dimensional kernels.
Remark 10. The indexing set of any inverse system (Gα,παβ) having the properties in
Theorem 9 cannot be countable (cf. [2, Lemma 39]).
2. Proofs of main results
Let G be a topological group. We will need the following description from [2] of G˜
and the homomorphism φ : G˜→G (cf. also [15]). For any symmetric neighborhood U of
e in G, a U -chain from e to x ∈ G is a finite sequence c = {x0 = e, x1, . . . , xn = x} of
elements of G such that x−1i xi+1 ∈ U for all i . If f :G→H is a homomorphism then by
f (c) we mean the chain {y0 = e, f (x1), . . . , f (xn)= f (x)}. A U -extension of a U -chain
{x0, . . . , xn} is a U -chain {x0, . . . , xi, x ′, xi+1, . . . , xn}, where 0 < i < n. Two U -chains
are said to be U -related if one is a U -extension of the other. A U -homotopy between U -
chains c0 and cm is a sequence {c0, . . . , cm} of U -chains such that ci is U -related to ci−1
for all 1  i  m. The set of all U -homotopy classes [c]U of U -chains c in G forms a
group GU , where the product operation is induced by translation of the right-hand chain to
the endpoint of the other. GU has a natural topology in which the U -chains of length two
form a symmetric neighborhood of e that is (local group) isomorphic to U . There are open
homomorphisms φUV :GV →GU with discrete kernel defined by the following relation:
φUV
([c]V )= [c]U. (1)
G˜ is the inverse limit of the system (GU,φUV ) (i.e., the elements ([cU ]U) of∏U GU such
that whenever V ⊂ U , cU is a U -chain U -homotopic to cV ) and φ : G˜→G simply takes
([cU ]U) to the common endpoint of the chains cU in G.
We need some preliminary technical results. The next lemma follows from the
definitions.
Lemma 11. Let G be a topological group. Then for any symmetric neighborhoodU of e in
G, every U -chain lies in the open subgroup H generated by U . In particular, φ(G˜)⊂H .
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Definition 12. Let G be a topological group and H be a subgroup. For any symmetric
open neighborhoods V ⊂ U of e in G and a V -homotopy h = {c0, . . . , cm}, where each
ci ends at x ∈H , a U -approximation of h in H is a U -homotopy h′ := {c′0, . . . , c′m} such
that each c′i lies in H and ends at x , and c0, cm, respectively are U -homotopic to c′0, c′m,
respectively. If c0 and/or cm already lie in H then we require c0 = c′0 and/or cm = c′m.
Remark 13. Every V -chain can be considered as a V -homotopy of length one, so it makes
sense to speak of a U -approximation of a V -chain c in H ; i.e., a U -chain in H that is U -
homotopic to c.
Lemma 14. Let G be a topological group and H be a subgroup of G. Let U,W be a
symmetric neighborhoods of e in G such that W 3 ⊂ U . If c, d are W -chains in HW to a
point x ∈H and α is a W -homotopy between them then α has a U -approximation in H .
Proof. Considering α as a point set, for each point x in α we choose a corresponding
point x ′ in H such that x−1x ′ ∈W (leaving all points already in H fixed). Assigning to
each chain ci in α the corresponding chain c′i in H we have the desired U -approximation.
In fact, by induction we can reduce to verifying the following: Suppose w,y, z ∈HW are
such that w−1y , y−1z, and w−1z all lie in W . Then for corresponding points w′, y ′, z′,
we have that w′−1y ′, y ′−1z′, and w′−1z′ all lie in U . A sample case is w′−1z′ =
(w′−1w)(w−1z)(z−1z′) ∈W 3 ⊂U . ✷
Since the identity component of a locally compact group is equal to the intersection of
its open subgroups (cf. [6, p. 260]), from Lemma 11 we immediately have the following:
Lemma 15. If G is locally compact, φ(G˜)⊂Ge.
Lemma 16. If G is a locally compact group and U is a symmetric neighborhood of e in G
then there is a symmetric neighborhood U# ⊂ U of e in G such that every U#-homotopy
of U#-chains in G ending in Ge has a U -approximation in Ge.
Proof. Let V be a symmetric neighborhood of e in G such that V 3 ⊂U . Since G is locally
compact, G/Ge is totally disconnected, and hence has a basis for its topology consisting
of open subgroups. Therefore, if π :G→G/Ge denotes the quotient epimorphism, there
is an open subgroup K contained in π(V ). Then H := π−1(K) is an open subgroup of
G, and π−1(K) ⊂ GeV . Let U# = V ∩K . Then the open subgroup H generated by U#
is contained in GeV . The proof is now complete by first part of Lemma 11 and Lem-
ma 14. ✷
Proof of Theorem 1. For simplicity we denote Ge by H and let i :H → G denote the
inclusion. We identify each chain c in H with i(c), and let U ′ denote U ∩ H = i−1(U)
for any symmetric neighborhood U of e in G. According to Theorem 73 of [2], there is an
induced homomorphism i˜ : H˜ → G˜ whose formula is given by
i˜
(
([cU ′ ]U ′)
)= ([cU ′ ]U ). (2)
192 V. Berestovskii, C. Plaut / Topology and its Applications 114 (2001) 187–199
We now construct an inverse homomorphism j to i˜. Let ([cU ]U) ∈ G˜; then by Lem-
ma 11, each cU ends in Ge. By (1), each cU is U -homotopic to cU## , which by Lemma 16
has a U#-approximation dU in H .
We now claim that if V ′ ⊂ U ′ then dU is U ′-homotopic to dV . If we prove this claim,
then from the special case U ′ = V ′ it follows that dU depends (up to U ′-homotopy) only on
([cU ]U) and U ′ (e.g., not on the choice of a particular U# from Lemma 16). Furthermore,
we will have a well-defined function
j
(
([cU ]U)
) := ([dU ]U ′) ∈ H˜ ,
where dU is any U#-approximation of cU## . To prove the claim let W = U## ∩ V ##. By
Lemma 16, for any choice of W #, cW # has a W -approximation f in H . We also have cW #
is U##-homotopic to cU## . Since W ⊂ U## ⊂ U# we can join three homotopies to get a
U#-homotopy from dU to f . By Lemma 16, dU and f are U ′-homotopic. Likewise dV
and f are V ′-homotopic, hence U ′-homotopic, and the claim is proved.
Now
i˜
(
j (([cU ]U))
)= i˜(([dU ]U ′))= ([dU ]U )= ([cU ]U ),
since by construction dU is U -homotopic to cU . On the other hand,
j
(
i˜([cU ′ ]U ′)
)= j(([cU ′ ]U))= ([dU ]U ′),
where dU is any U#-approximation of c(U##)′ in H . But c(U##)′ is already a (U#)′-chain
in H , so we could take dU ′ := c(U##)′ . Since cU ′ is U ′-homotopic to c(U##)′ , we have
[dU ′ ]U ′ = [cU ′ ]U ′ for all U ′, so ([dU ]U ′) = ([cU ′ ]U ′). We see that j and i˜ are mutual
inverses and i˜ is bijective. From this it follows that j is a homomorphism.
To see why i˜ is open and complete the proof, consider a basis element W := ζ−1
U ′ (U
′) of
the topology of H˜ at e. Then([cV ]V ) ∈ i˜(W) ⇔ j([cV ]V ) ∈W ⇔ ([dV ]V ′) ∈W
⇔ [dU ]U ′ ∈U ′ ⇔ [dU ]U ′ =
[{e, x}]
U ′ ,
for some x ∈ U ′ and U#-approximation dU of cU## . We will show that i˜(W) contains
the open set φ−1
U#
(U#) and hence is open. If ([cV ]V ) ∈ φ−1U# (U#) then [cU#]U# ∈ U# and
therefore cU# is U#-homotopic to a U#-chain {e, z}, with z ∈ (U#)′ ⊂ U ′. Therefore cU##
is also U#-homotopic to {e, z}. Applying Lemma 16, we obtain a U#-approximation of
cU## that is U ′-homotopic to {e, z}. Therefore φ−1U# (U#)⊂ i˜(W). ✷
We now obtain a useful globalization of the Iwasawa–Yamabe splitting theorem (cf. also
[1, Proposition 2]).
Proposition 17. If G is a locally compact connected group then for every neighborhood V
of e in G there exist a simply connected (connected) Lie group L, a connected, symmetric
neighborhood W of e in L, a compact subgroup K ⊂ V of G, and an open epimorphism
π :L × K → G with discrete kernel such that the restriction of π to W × K is a local
group isomorphism onto a symmetric neighborhood U of e in G contained in V .
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Proof. Using the Iwasawa–Yamabe theory we can find a neighborhood U ⊂ V of e in G
such that U is isomorphic to a product W × K , where K is a compact subgroup of G
and W is a connected neighborhood of e in a simply connected Lie group L such that
W 2 is simply connected. Then by Corollary 57 of [2], GU ≡ LW ×KK ≡ L×K; letting
π := φGU completes the proof. ✷
Note that although L×K may not be connected, π is a covering homomorphism in the
traditional sense.
Proof of Theorem 3. We will repeatedly use without further reference Corollary 14 in [2],
which gives us a natural isomorphism∏˜
Gα ≡
∏
G˜α
for the direct product of topological groups Gα . By Theorem 1 we can assume that G is
connected. By Theorem 1 and Proposition 17 we have natural isomorphisms
G˜≡ L˜×Ke ≡ L× K˜e,
where K is a compact group. According to a result of Weil [23, p. 91], there is a cover
f :
∏
Sα ×A→Ke , where A is a connected compact Abelian group. Since f is a cover,
Proposition 88 of [2] implies that there is a natural isomorphism
K˜e ≡
∏˜
Sα ×A≡
∏˜
Sα × A˜≡
∏
Sα × A˜;
we have reduced the theorem to determining A˜. According to a theorem of Glushkov [9,
10], there is a cover g :Σλ → A. From Theorem 12 in [2] it follows that Σ˜ is isomorphic
to R and so A˜ is isomorphic to Rλ.
Since G˜ is connected, it follows from [2, Proposition 77] that kerφ is central and
prodiscrete. Since G˜ is arcwise connected, it follows from Proposition 79 of [2] that φ(G˜)
is the arcwise connected component of G; it is known (cf. [5, p. 53]) that the arcwise
connected component of G is dense in G. If G is Abelian then G˜ consists only of Rλ.
In this case, since kerφ is totally disconnected, each line in Rλ is mapped to a non-trivial
1-parameter subgroup in G; in other words, φ :Rλ→G is the exponential map (cf. [5,13]).
In the above notation, if G is finite-dimensional then K is finite-dimensional, say
dimK = n. Now suppose that λ is infinite. It is well known that the solenoid is 1-
dimensional (in fact, we only need that dimΣ  1, which follows readily from the fact
that Σ contains a subset homeomorphic to an interval). The restriction of φ to an (n+ 1)-
dimensional subgroup Σn+1 has prodiscrete, hence 0-dimensional, kernel. Since Σn+1
is compact, the restriction of φ to Σn+1 is closed; by [14, Theorem VI.7], φ(Σn+1) has
dimension  n + 1, a contradiction. The proof that there are finitely many factors Sα is
similar. ✷
Proof of Theorem 6. Let K := kerφ, π : G˜→ G˜/K be the quotient epimomorphism.
Since K is prodiscrete, π is a cover. Let H := φ(G˜) and ι :H → G be the inclusion,
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which, by Theorem 3, has dense image in G. Then we have a unique bijective (possibly
not open!) homomorphism w : G˜/K→H such that the following diagram commutes:
G˜
φ
π
G˜/K
w
G H
ι
The homomorphism w is a weakening of the topology of G˜/K , and since ι is an inclusion
of H onto a dense subgroup, G is the completion of H . By Theorem 3, if G is finite-
dimensional then G˜ is a Lie group. It is well known that a closed, totally disconnected
subgroup of a Lie group is discrete. Therefore K is discrete and G˜/K is also a Lie
group. ✷
Note that the group H in the above proof, since it embeds in the locally compact group
G, must be locally bounded in the sense that it contains a non-empty open set U with the
property that for every non-empty open set V contained in U there exists a finite subset F
of U such that U ⊂ FV . Note that by a theorem of Weil [22], every locally bounded group
is isomorphic to a dense subgroup of a locally compact group.
Example 18. Consider the compact metrizable group G := Σω . As we pointed out in
the proof of Theorem 3, G˜ is naturally isomorphic to Rω , and the natural homomorphism
φ : G˜→G is injective; K := kerφ is trivial. We see that G˜/K is again Rω (which is not
locally compact). Therefore G is obtained by completing a weakened topology on Rω .
We now consider the finite-dimensional case in more detail. Let I := {Kα} be a family
of normal subgroups of finite index of an abstract group B such that
⋂
Kα = {e}, and
I is directed with respect to reverse inclusion. Then we can take {Kα} as a basis for a
(Hausdorff) topology on B . Recall that the profinite completion of B with respect to I
is BI := lim← (B/Kα,παβ) (cf. [24]). There is a natural injection kI : B → BI with dense
image. If I is the family of all normal subgroups of finite index in B , then BI is simply
referred to as the profinite completion of B (assuming the intersection of this family is e).
Now suppose k :B→ P is a monomorphism into a profinite groupP with dense image. Let
Pα be a closed (and open) normal subgroup of P of finite index, and Kα := k−1(Pα). Then
Qα := P/Pα is finite, and if πα :P →Qα is the quotient epimorphism, πα ◦ k :B→Qα
has dense image, and hence is surjective. Therefore Kα is normal in B of finite index,
and πα ◦ k induces an isomorphism of B/Kα onto Qα . It is now easy to verify that P is
isomorphic to lim← (Qα = B/Kα) which is the profinite completion of B with respect to
{Kα}. We have shown:
Proposition 19. A profinite group P is isomorphic to a profinite completion of B if and
only if there is an injection k :B→ P with dense image.
In [19, Theorem 2.2], Rickert gave the following clear characterization of connected,
locally compact, finite-dimensional groups:
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Theorem 20 (Rickert). LetM be a connected Lie group having a discrete central subgroup
C which is isomorphic to Zm, and N be a profinite completion of C, with monomorphism
k :C → N . Let D be the (discrete) subgroup in M × N of all elements of the form
(c, k(c)), c ∈ C. Then (M × N)/D is a connected finite-dimensional locally compact
group. Conversely, every finite-dimensional locally compact group G is isomorphic to a
group of this type.
Note thatN can be represented as the inverse limit of a countable sequence of metrizable
groups, and so is metrizable (cf. also [19, Lemma 2.3]). We elaborate further on this result:
Proposition 21. In the notation of the previous theorem, dimG= dimM .
Proof. The canonical homomorphism f :M × N → G has discrete kernel D. Then
dimG = dim(M × N) = dimM , (cf. [14, Corollary III.4]), since N is discrete and
compact, hence 0-dimensional. ✷
Proposition 22. Let j :M→M×N denote the natural monomorphism. Then f ◦j :M→
G induces an isomorphism of all homotopy groups πn, n 1.
Proof. Evidently j induces an isomorphism of all πn, n  1. Since f is a cover in the
traditional sense, f induces an isomorphism of all πn, n  2. In addition, every loop c
at e in G lifts uniquely to a curve c˜ in M × N beginning at e which evidently lies in
j (M)=M × {e}. It follows from Rickert’s Theorem that kerf ∩M =D ∩M = {e}, so c˜
must be a loop in j (M). Since every homotopy in G also lifts to j (M), this means that f
also induces an isomorphism of π1. ✷
The theorem below was proved by Dixmier [8] for Abelian locally compact groups,
and by Rickert [19] for general locally compact groups. Glushkov [10] stated this result,
but gave a proof based on his incorrect statement that a connected locally compact group
is locally connected if and only if it is arcwise connected (a counterexample is given in
[8]). We now show that this result follows rather quickly and directly from the Iwasawa–
Yamabe theory. Our proof can be further shortened by using Proposition 17 instead of the
local splitting, but we prefer to give here a self-contained argument.
Theorem 23. Every arcwise connected locally compact group G is locally connected.
Proof. Evidently G is connected. Then by the Iwasawa–Yamabe theory, for any neighbor-
hood U of e in G there is another neighborhood V ⊂ U of e in G such that V = L0 ×K ,
where L0 is a connected local Lie group, and K is a compact subgroup of G. Denote by
H the subgroup of G generated by L0, supplied with the topology σ having as a base all
open subsets of L0. Evidently H is a Lie group and H ∩K is a discrete central subgroup
of H . Since H has a countable base, H ∩K is at most countably infinite.
For any paths ci(t), i = 1,2, with ai  t  bi and b1 = a2 in G with ci(ai) = e,
define their product (c1  c2)(t)= c1(t), if a1  t  b1, and (c1  c2)(t)= c1(b1)c2(t), if
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a2  t  b2. By induction we can define the product of any finite number of such paths.
Let p ∈K . Since G is arcwise connected, there is a path c : [0,1]→G such that c(0)= e
and c(1)= p. Since [0,1] is compact, we can write c =ni=1ci , where ci is a path in V .
Now ci(t)= hi(t)ki(t) where hi, ki are paths in L0,K , respectively. Since the elements of
K and L0 (hence H ) commute, it follows that for 0  t  1, c(t) = h(t)k(t), where h is
a path in H and k is a path in K . Then p = h(1)k(1), hence h(1) ∈H ∩K . Evidently the
path k lies in Ke , so k(1) ∈ Ke. Since p was arbitrary in K , K =Ke(H ∩K), and so K
has at most countably many connected components. But then K/Ke is countable, compact,
and totally disconnected, hence discrete (cf. [11, Theorem 9.15]). EquivalentlyKe is open,
and Ke ×L0 is a connected neighborhood of e contained in U . ✷
We need the following characterization, which follows from Theorem 90 and Proposi-
tion 31 in [2]. (Here we use the fact that if G is locally compact then G˜ is locally defined
in the sense of [2] because, according to Theorem 3, G˜ is the product of simply connected
Lie groups (cf. [2, Corollary 118]).)
Theorem 24. Let G be a locally compact group. Then the following are equivalent, where
φ : G˜→G denotes the natural homomorphism:
(1) G is coverable,
(2) G has a basis of symmetric neighborhoods U of e such that GU is connected, and
φ is surjective, and
(3) φ is a cover.
If G is metrizable then these conditions are equivalent to: G is connected and has a
basis of symmetric neighborhoods U of e such that GU is connected.
Proof of Theorem 7. To prove (1)⇒ (5), note that from Theorem 24(3) we know that
φ is an open surjection. It is well known from general topology that the image G of
the connected, locally arcwise connected group G˜ must also be connected and locally
arcwise connected. (5)⇒ (6) is well known from general topology. If (6) holds, then Theo-
rem 23 implies that G is also locally connected, and Proposition 79 of [2] implies that φ is
surjective, so G is coverable by Theorem 24(2) (if U is connected then GU is connected,
cf. [2, Corollary 52]). We have shown that conditions (1), (5), (6) are equivalent.
Now if (1) holds then (2) holds by Theorem 24(3) and Theorem 3. If (2) holds
then φ is open, and G is connected since G˜ is connected. We have shown (2)⇒ (3).
(3)⇒ (4) follows from the fact that any open homomorphism into a connected group is
an epimorphism. (4)⇒ (7) follows from Theorem 3, since G˜ clearly generated by its 1-
parameter subgroups. Finally, (7)⇒ (6) is straightforward.
If G is compact or Abelian, then we can take L to be trivial. Recall that every compact
Lie group is exponential, and therefore in this case G˜ is exponential. If G is coverable then
φ is surjective, so G is exponential. Conversely, if G is exponential then (7) is satisfied and
G is coverable.
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Suppose G is metrizable. If G is connected and locally connected then the conditions
of the last statement of Theorem 24 are satisfied, and so G is coverable. The converse is
immediate from (5).
Proof of Theorem 8. In [2, Section 7] we introduced a generalized notion of semilocally
simply connected group that we will not define here. We only note that it is weaker than the
various notions of (semi-)locally simply connected group in the statements (1), (2), and (3)
of Theorem 8. In [2] we showed (Theorem 119) that every connected, locally connected,
semilocally simply connected (in the sense of [2]) group G has a connected universal
cover in the traditional sense (i.e., an open epimorphism with discrete kernel), and that
the universal cover must be φ : G˜→ G (Theorem 123). If G is locally compact then the
surjectivity of φ implies, via Theorem 7 that G is coverable. Since kerφ is discrete G˜ must
be locally compact and the explicit form given in (4) (with n := λ <∞) therefore follows
from (1), (2), or (3) and Theorem 3. Conversely, the explicit form of G in (4) makes it
easy to verify that (4) implies (1), (2), and (3). The remaining conclusions are immediate
consequences of the preceding results in the introduction. ✷
Proof of Theorem 9. Let G denote the character group of the discrete group ZN, where
N is the natural numbers. The group G was proved in [8] to be connected and locally
connected, but not arcwise connected. If U is a connected symmetric neighborhood of e
in G then according to Lemma 51 of [2], GU is connected, and GU is certainly locally
compact. Since G is locally connected, we can therefore write G˜= lim← (GU ,φUV ), where
each GU is connected and locally compact, and the open homomorphisms φUV :GV →
GU (with discrete kernel) are surjective since each GU is connected. Note that for any
U , GU is not arcwise connected; if it were then G = φGU(GU) would also be arcwise
connected. On the other hand, since GU is not arcwise connected, GU is not coverable,
and so φU : G˜→GU is not surjective by Theorem 7. ✷
The existence of a group of the form L × ∏Sα × Rλ and a homomorphism from
L × ∏Sα × Rλ into G with totally disconnected kernel (where G is a connected
locally compact group) can be obtained from papers of Glushkov [9,10] and Lashof
[16]. Glushkov’s construction is closely related to ours, while Lashof’s construction
involved an inverse limit of simply connected Lie groups. It follows from Theorem 12
of [2] that Lashof’s group is naturally isomorphic to G˜. A consideration of Lie algebras
from the papers of Glushkov and Lashof also shows that Gluskov’s group is naturally
isomorphic to Lashof’s, and hence also G˜. Lashof proved some arc-lifting properties of
this homomorphism and referred to the group as the “universal covering group” of G
without proving any universal property. In some sense the present paper shows that the
term Lashof used is legitimate in a categorical sense precisely when G is coverable. The
Glushkov/Lashof work was taken further in [5], from which some parts of our Theorem 7
can also be obtained (e.g., Proposition 2.1.1.11 and Theorem 2.1.2.2).
We conclude with a few remarks about the homotopy groups of a locally compact group
G. We have determined that π1(G) is abstractly isomorphic to kerφ. The computation of
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higher homotopy groups reduces entirely to the computation of higher homotopy groups
of compact Lie groups. In fact, by Corollary 86 of [2] and Theorem 3, for n 2,
πn(G) ≡ πn
(
L×
∏
α∈Λ
Sα ×Rλ
)
≡ πn
(
L×
∏
α∈Λ
Sα
)
≡ πn(L)×
∏
α∈Λ
πn(Sα).
But L is homeomorphic to H ×Rm, where H is a maximal compact subgroup of L (cf.
[18]), and therefore we reduce again to πn(H). Cartan proved that π2(M)= 0 for any Lie
group M , so we obtain that π2(G)= 0 for any locally compact group G (see [18] for this
result and much more information about homotopy groups of compact Lie groups).
Recall that for any topological group G, the arcwise connected componentGa of G is a
(possibly not closed) normal subgroup ofG, and π0(G) (which for topological spaces is the
set of arcwise connected components) is naturally identified with the abstract groupG/Ga .
IfG is locally compact, we have from Theorem 3 that π0(G)=G/φ(G˜). More information
can be gained using the following result of Boseck–Czichowski (cf. [5, Theorem 2.1.2.12]):
Theorem 25 (Boseck–Czichowski). Let G be a connected, locally compact topological
group. Then there exist a profinite Abelian group N and an open epimorphism ψ : G˜ ×
N →G with totally disconnected central kernel D.
Let p :G→ G/Ga = π0(G) be the natural epimorphism and η := p ◦ ψ . Since G˜ is
arcwise connected, G˜ is contained in kerη. If π : G˜×N → (G˜×N)/G˜=N is the natural
projection, then π0(G)≡N/π(kerη) and therefore is Abelian.
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